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Abstract
The gauge theory is the most important type of the field theory, in which the inter-
actions of the elementary particles are described by the exchange of the gauge bosons.
In this article, the gauge theory is reexamined as geometry of the vector space, and
a new concept of ”little gauge theory” is introduced. A key peculiarity of the little
gauge theory is that the theory is able to give a restriction for form of the connection
field. Based on the little gauge theory, Cartan geometry, a charged boson and the Dirac
fermion field theory are investigated. In particular, the Dirac fermion field theory leads
to an extension of Sogami’s covariant derivative. And it is interpreted that Higgs bosons
are included in new fields introduced in this article.
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1 Introduction
The discoveries of Higgs boson-like particle [1][2] and the gravitational wave signal [3] are
very impressive for the elementary particle physics. And the dark matter and dark energy
physics are also fascinating. In elementary particle physics, the standard model is the most
successful model to explain almost experimental data. In the background of the success in
the standard model, the gauge theory plays important roles. In the standard model the
strong and electro-weak interactions of the elementary particles are described by the gauge
symmetry SU(3)× SUL (2) × UY(1). However, the standard model does not involve a theory
explaining the interaction of the gravity. On the other hand, the gravity is explained by the
gauge theory [4]. Towards to a unified concept of their interactions and Higgs interaction, the
gauge theory should be reexamined. Its spirit is resembled as the idea of Sogami’s generalised
covariant derivative[5]. At the present, the quantum theory of gravity is not established in
spite of a lot of efforts and attempts. It is one of the very important tasks to construct a
renormalizable and unitary quantum gravity. Also for the theoretical physicists, a unified
theory of all interactions including the gravity is one of our dreams.
In this article, before going to new physics beyond the standard model, we reinvestigate
”What is the gauge theory?” in the framework of the vector analysis. The meanings of the
gauge theory are that physical reality does not depend on any artificial point of view. The
more concrete definition of the gauge theory is given by the section 2. In section 2, we explain
the gauge theory as geometry of the vector space. A concept of ”pull back differential”
is introduced, and several results by the differential geometry are reproduced in the vector
analysis. In particular, the metric compatibility condition is naturally derived. It is not
obvious how the connection field introduced in the gauge theory are related with the physical
quantities as Hermite fields. In section 3, we introduce a concept of ”little gauge theory”. The
little gauge theory is mathematically the gauge theory for the constant metric frame bundle.
The little gauge theory restricts the form of the connection field. The relation between the
little gauge theory and the gauge theory is discussed briefly. As applications of the little gauge
theory, Cartan geometry, U(1) gauge theory of a charged boson, and the Dirac fermion field
theory are presented in the remaining part of this article. In section 4, based on the gauge
theory and the little gauge theory, some known results of Cartan geometry are derived. The
relations between both theories are explicitly obtained by the external vielbein. In section
1
5, the gauge theory and little gauge theory of a charged boson are illustrated. Then the
usefulness of the little gauge theory will be realized. In section 6, the Dirac fermion field
theory is presented. Based on the little gauge theory, gauge fields are introduced by the pull
back differential and the metric compatibility condition. It leads to an extension of Sogami’s
covariant derivative [5]. The implications of their gauge fields are discussed. In particular, a
new interpretation of Higgs bosons is given. In last section 7, other applications of the little
gauge theory are discussed. By following the results of section 6, the constructing method of
Lagrangian for the Dirac fermion field theory is discussed. Based on the little gauge theory,
some of new directions are proposed.
2 Gauge theory of the vector space
The gauge theory is just defined by the following sentence: ”All physical realities in nature
should not depend on any choice of the internal and external coordinate frames which are
artificially introduced in order to represent the quantities of their physical realities.”
In this section, the gauge theory as the geometry of the vector space is explained and
reexamined.
It is a well-known example that the abstract vectors do not depend on the choices of the
basis that are artificially introduced in order to represent the abstract vectors. Suppose a
physical reality Z is a quantity in the N dimensional vector space over the K field. Then one
can artificially define the basis vectors eI (I = 1, · · ·N) in the vector space. With the basis
vectors, the physical reality Z is represented by
Z = ZIeI , (2.1)
where Einstein’s summation rule is adopted through this article. The component ZI is called
the representation of Z under the basis eI , which representation Z
I depends on the choice of
the basis vector.
If the vector space is equipped with an inner product 2 (X,Y ) over the K field, we have
the following relation:
(eI ,Z) = Z
JEIJ , (2.2)
2The positivity of the inner product is not demaded in this article in order to include indefinite inner
product.
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where EIJ = (eI , eJ). This matrix composed of EIJ is ordinarily called the metric. If the
matrix composed of EIJ have the inverse matrix composed of E
JI , ZJ is represented by
ZJ = EJI(eI ,Z). (2.3)
For two physical realities X and Y in the same inner product space, the inner product is
represented by
(X,Y ) = (XIeI , Y
J
eJ) = X
†IY JEIJ , (2.4)
where the symbol † stands for Hermite conjugate.
For the choice of another basis vector e′I , the physical reality Z is reexpressed as Z =
Z ′Ie′I . Any physical reality Z should not depend on the choice of the basis. Therefore if
e
′
I = ΩI
J
eJ , then the two components Z
′I and ZI are related by
Z ′I = Ω−1 IJZ
J . (2.5)
Here the matrix composed of Ω−1 IJ is the inverse matrix of the matrix composed of ΩI
J .
The two metrics of EIJ = (eI , eJ) and E
′
IJ = (e
′
I , e
′
J) have the relation:
E ′IJ = EKLΩ
†
I
K
ΩJ
L. (2.6)
So far we did not discuss about the external coordinate, which represents the space-time
points in our world. Any physical reality should not depend on the choices of the external
coordinate frame. On our recognition of the space-time, the space-time is regarded as the
4-dimensional manifold. Therefore each point of the manifold is parametrised by the general
external coordinate qµ (µ = 0, 1, 2, 3) 3. It is assumed that the physical reality exists on
each point of the space-time. If the physical reality is the abstract vector, the vector space
exists on each point of the space-time manifold. Therefore it makes the vector bundle on the
manifold. Supposed that Z is a physical reality in the vector bundle. Then Z is represented
by the vector function of the general coordinate qµ, i.e. Z = Z(q).
Let us take a point P close to a point Q and let their external coordinates be qµ and
qµ + dqµ, respectively. The difference of ∗Z(q + dq) and Z(q) is
dZ(q) = ∗Z(q + dq)−Z(q), (2.7)
3It does not matter the reason why the space-time is described by a 4 macroscopic variable.
3
where ∗ means that Z(q + dq) is evaluated on the point P. Mathematically ∗Z(q+ dq) is the
pull back for the isometry map f : qµ → qµ + dqµ.
The basis vector eI(q) can be defined on each point of the manifold. The choice of the
basis and the external coordinate is mathematically equivalent to taking the section of the
vector bundle. Let it be written by Z(q) = ZI(q)eI(q) on the point P. Then we obtain
dZ(q) = ∗(ZI(q + dq)eI(q + dq))− Z
I(q)eI(q)
= (∗ZI(q + dq)− ZI(q)) ∗ eI(q + dq) + Z
I(q)(∗eI(q + dq)− eI(q)). (2.8)
Here we can evaluate the two quantities ∗ZI(q + dq) and ∗eI(q + dq) as the followings:
∗ ZI(q + dq) = ZI(q) +
∂ZI(q)
∂qµ
dqµ, (2.9)
∗eI(q + dq) = eI(q) +Aµ
J
I
(q)eJ(q)dq
µ, (2.10)
where we neglected the higher order terms more than the second order terms for dq. Eq.(2.9)
means the ordinary partial differential for the component fields ZI(q). The term Aµ
J
I
(q) of
Eq.(2.10) is the connection field 4 describing the difference between the basis vectors eI(q)
and ∗eI(q + dq). For the simplicity, we introduce the symbol ∂µ as the followings:
∂µZ
I(q) = lim
dqµ→0
∗ZI(q + dq)− ZI(q)
dqµ
, (2.11)
∂µeI(q) = lim
dqµ→0
∗eI(q + dq)− eI(q)
dqµ
= Aµ
J
I
(q)eJ(q). (2.12)
We call the symbol ∂µ the pull back differential, which is related to the parallel transport.
The Leibniz rule holds for the pull back differential. Thus dZ(q) is obtained as
dZ(q) = (∂µZ
I(q))eI(q)dq
µ + ZI(q)(∂µeI(q))dq
µ
= (∂µZ
I(q))eI(q)dq
µ + ZI(q)(Aµ
J
I
eJ (q))dq
µ. (2.13)
Then we have the convenient notation called as the covariant derivative Dµ:
dZ(q) = DµZ
I(q)eI(q)dq
µ, (2.14)
where
DµZ
I(q) = ∂µZ
I(q) +Aµ
I
J
(q)ZJ(q). (2.15)
4This connection field depends on the choice of the external coordinate and the basis. In our recognition,
since the external coordinates is four dimensions, the connection field is defined only in the four dimensions.
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Supposed that the inner product of the vector bundle space is defined on each point of
the manifold, we can define the metric of the vector space as
EIJ(q) = (eI(q), eJ(q)). (2.16)
By the pull back differential of Eq.(2.16)
∂µEIJ(q) = (∂µeI(q), eJ(q)) + (eI(q), ∂µeJ(q))
= A†µ
K
I
(q)EKJ(q) +Aµ
K
J
(q)EIK(q), (2.17)
we obtain the metric compatibility condition
∂µEIJ(q)−
(
A†µ
K
I
(q)EKJ(q) +Aµ
K
J
(q)EIK(q)
)
= 0. (2.18)
Once the generic metric EIJ(q) is chosen, the metric compatibility condition gives restriction
between the connection field and its Hermite conjugate field. However, it is not clear how the
connection field can be described in terms of Hermite fields in the generic case. Therefore
little gauge theory, for the sake of linking the connection field to Hermite field, is proposed in
the next section.
For the different choice of the basis vector e′I(q), the physical reality Z(q) is represented by
Z(q) = Z ′I(q)e′I(q). For the pull back differential of e
′
I(q), one can define the new connection
field A′µ
J
I
(q) as
∂µe
′
I(q) = A
′
µ
J
I
(q)e′J(q). (2.19)
Supposed that the basis vector e′I(q) has the relation
e
′
I(q) = ΩI
J(q)eJ(q), (2.20)
where ΩI
J(q) is assumed as the C(2) differentiable function. The ΩI
J(q) transformation is
called the gauge symmetric transformation of the vector space basis. The new metric E ′IJ(q)
for the basis e′I(q) is related to the old metric for the eI(q) as
E ′IJ(q) = (Ω
†)KI(q)(Ω)
L
J(q)EKL(q). (2.21)
The pull back differential of Eq. (2.20) is obtained as
∂µe
′
I(q) = (∂µΩI
J(q))eJ(q) + ΩI
J(q)(∂µeJ (q)) (2.22)
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From Eqs. (2.19) and (2.22), we have the following relation between A′µ
J
I
(q) and Aµ
K
J
(q):
ΩJ
K(q)A′µ
J
I
(q) = ΩI
J(q)Aµ
K
J
(q) + ∂µΩI
K(q). (2.23)
By using the inverse matrix Ω−1IJ(q) of ΩI
J(q), we obtain the so-called gauge transformation
of the connection field in the vector space
A′µ
J
I
(q) = ΩI
L(q)Ω−1JK(q)Aµ
K
L
(q) + Ω−1JK(q)∂µΩI
K(q). (2.24)
Now we can define the field strength F IJµν of the connection field as the followings:
F IJµνeI(q) = (∂µ∂ν − ∂ν∂µ)eJ(q). (2.25)
The straightforward calculation for the right hand side of Eq. (2.25) shows
(∂µ∂ν − ∂ν∂µ)eJ(q)
= ∂µ (∂νeJ(q))− ∂ν (∂µeJ(q))
=
(
∂µAν
I
J(q)− ∂νAµ
I
J
(q) +Aµ
I
K
(q)Aν
K
J(q)−Aν
I
K(q)Aµ
K
J
(q)
)
eI(q). (2.26)
Therefore the field strength for the basis eI(q) takes the following form
F IJµν(q) = ∂µAν
I
J(q)− ∂νAµ
I
J
(q) +Aµ
I
K
(q)Aν
K
J(q)−Aν
I
K(q)Aµ
K
J
(q). (2.27)
One can obtain the following relation between the field strengths F IJµν(q) for the basis eI(q)
and F ′IJµν(q) for the basis e
′
I(q):
F ′IJµν(q)e
′
I(q) = (∂µ∂ν − ∂ν∂µ)e
′
J(q)
= (∂µ∂ν − ∂ν∂µ)ΩJ
K(q)eK(q)
= ΩJ
K(q)FLKµνeL(q). (2.28)
Therefore under the gauge symmetric transformation (2.20) of the vector space basis, the field
strength transforms as the followings:
F ′IJµν(q) = Ω
−1I
L(q)ΩJ
K(q)FLKµν(q). (2.29)
For another choice q˘ of the space-time parametrisation, the physical reality Z is rep-
resented by Z(q˘). The physical reality Z should not depend on the choice of the space-
time parametrisation, i.e. Z(q) = Z(q˘). If q˘ is the smooth function of the original space
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parametrisation q, q˘ is written by q˘µ = q˘µ(q). Then it is called the gauge transformation
for the space-time parametrisation. Supposed that the basis vector e˘I(q˘) is transformed as
e˘I(q˘) = Ω˘I
J(q)eI(q). From the chain rule for the derivative, the relation between the pull
back differential ∂µ for q
µ and ∂˘µ for q˘
µ is given by
∂˘µ = Λµ
ν(q)∂ν , (2.30)
where Λµ
ν(q) =
∂qν
∂q˘µ
. The connection field A˘µ
I
J(q˘) and the field strength F˘
I
Jµν(q˘) for q˘ can
be defined by the pull back differential for e˘I(q˘), respectively, as
A˘µ
I
J(q˘)e˘I(q˘) = ∂˘µe˘J (q˘),
F˘ IJµν(q˘)e˘I(q˘) = (∂˘µ∂˘ν − ∂˘ν ∂˘µ)e˘J(q˘).
For the gauge transformation for the space-time parametrisation, the connection field and the
field strength are transformed as
A˘µ
J
I(q˘) = Λµ
ν(q)Ω˘I
L(q)Ω˘−1JK(q)Aν
K
L(q) + Λµ
ν(q)Ω˘−1JK(q)∂νΩ˘I
K(q), (2.31)
F˘ IJµν(q˘) = Ω˘
−1I
L(q)Ω˘J
K(q)Λµ
ρ(q)Λν
σ(q)F IJρσ(q). (2.32)
Then it turns out that the connection field does not transform as tensor in generic case.
3 Little Gauge Theory
In the gauge theory, it is unclear how the connection field can be described in terms of Her-
mite fields. Here we introduce the little gauge theory as:
Definition of the little gauge theory:
Utilizing the freedom of how to choose the vector space basis, we can take the special basis
to be the constant metric E
f
IJ that is defined by ∂µE
f
IJ = 0. The little gauge theory is the
theory fixed to the constant metric E
f
IJ . And the little gauge theory is the little subset of the
gauge theory.
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Once the little gauge theory is constructed, the gauge theory can be brought back by
utilizing the degree of freedom of how to choose the vector space basis for physical reality.
One of the characteristics in the little gauge theory is to be able to restrict the form of the
connection field by the metric compatibility condition (2.18). In fact, the metric compatibility
condition for the constant metric EfIJ become
A†µ
K
I
(q)EfKJ +Aµ
K
J
(q)EfIK = 0. (3.33)
In the little gauge theory, there still exists the symmetric continuous transformation
Ωf I
J
(q) preserving the constant metric EfIJ , i.e.
E
′f
IJ = Ω
f†
I
L
(q)Ωf J
K
(q)EfLK = E
f
IJ . (3.34)
The transformation Ωf I
J
(q) is called the little gauge transformation. Similar to the gauge
theory, the little gauge transformation for the basis e′I(q) = Ω
f
I
J
(q)eJ(q) leads to the trans-
formation of the connection field and the field strength, respectively, as
A′µ
J
I
(q) = ΩfI
L
(q)Ωf−1JK(q)Aµ
K
L
(q) + Ωf−1JK(q)∂µΩ
f
I
K
(q) (3.35)
and
F ′IJµν(q) = Ω
f−1I
L(q)Ω
f
J
K
(q)FLKµν(q). (3.36)
Note that the little gauge theory is very similar to the theory referred as ”the gauge
theory” in the standard model and so on. In the remaining part of this article, the gauge
theory and the little gauge theory are illustrated. And implications of the little gauge theory
will be clarified.
4 Cartan geometry as the gauge theory and the little
gauge theory
In this section, Cartan geometry, which is an extension of Riemann geometry, is reexamined at
the gauge theoretical point and the little gauge theoretical point of views. And it is shown that
the external vielbein represents the map between the little gauge theory and the gauge theory.
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4.1 Cartan geometry as the gauge theory
Let the physical reality r5 be the space-time reality described by the 4 dimensional manifold.
Any point P on the space-time reality r can be represented by the general coordinate qµ,
i.e. r = r(q), which is assumed as the smooth and differentiable function of q. The basis
vector eˆµ(q) of the tangent vector space TPM on P is naturally introduced by the pull back
differential of r(q) on the point P, i.e.
eˆµ(q) = ∂µr(q). (4.37)
Then the tangent vector bundle TM(r) is defined over the space-time. The choice of the
general coordinate qµ and eˆµ(q) corresponds to taking the section of the tangent vector bundle
TM(r). Supposed that the real inner product of the tangent vector space is defined on each
space-time point. Then the metric gµν(q) of the basis vector is obtained as
gµν(q) = (eˆµ(q), eˆν(q)) (4.38)
Because of the symmetry for the real inner product, gµν(q) = gνµ(q). Then the inner product
for the vectors X(q) = Xµ(q)eˆµ(q) and Y (q) = Y
µ(q)eˆµ(q) in the tangent vector space is
(X(q),Y (q)) = Xµ(q)Y ν(q)gµν(q). (4.39)
The affine connection field Γλνµ(q) is defined by the pull back differential of eˆµ(q) as
∂µeˆν(q) = Γ
λ
νµ(q)eˆλ(q). (4.40)
For the vector Z(q) = Zµ(q)eˆµ(q) in the tangent vector, the pull back differential leads to
∂µZ(q) =
(
∂µZ
ν(q)
)
eˆν(q) + Z
ν(q)
(
∂µeˆν(q)
)
=
(
∂µZ
ν(q) + Γνλµ(q)Z
λ(q)
)
eˆν(q). (4.41)
Therefore the covariant derivative ∇µ of the contravariant component Z
ν(q) is obtained as
∇µZ
ν(q) = ∂µZ
ν(q) + Γνλµ(q)Z
λ(q), (4.42)
5Note that the space-time reality r is not the vector.
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which is just interpreted as the representation for the pull back differential of ∂µZ(q). The
metric compatibility condition is derived by the pull back differential of Eq.(4.38):
∂µgαβ(q) = (∂µeˆα(q), eˆβ(q)) + (eˆα(q), ∂µeˆβ(q))
= Γραµ(q)gρβ(q) + Γ
ρ
βµ(q)gαρ(q). (4.43)
Thus in this formulation this condition is not the postulation.
For the inverse metric gµν(q) of the metric gµν(q), the pull back differential of g
µν(q) is
obtained from gµν(q)gνρ(q) = δ
µ
ρ , where δ
µ
ν is the unit matrix element. The direct calculation
shows
∂µg
αβ(q) = −Γβρµ(q)g
αρ(q)− Γαρµ(q)g
ρβ(q). (4.44)
Here let introduce the covariant component Zµ(q) and the dual basis eˆ
µ(q) by using gµν(q)
and gµν(q), respectively, as
Zµ(q) = gµν(q)Z
ν(q), eˆµ(q) = gµν(q)eˆν(q). (4.45)
By using Eqs. (4.40) and (4.44), we can obtain the pull back differential of eˆµ(q) as follows:
∂µeˆ
ν(q) = −Γνλµ(q)eˆ
λ(q). (4.46)
Because the vector Z(q) in the tangent vector is rewritten by Z(q) = Zµ(q)eˆ
µ(q), the pull
back differential of Z(q) is obtained by the similar calculation to Eq. (4.41) as
∂µZ(q) =
(
∂µZν(q)− Γ
λ
νµ(q)Zλ(q)
)
eˆ
ν(q). (4.47)
The covariant derivative ∇µ of the covariant component Zν(q) is defined by
∇µZν(q) = ∂µZν(q)− Γ
λ
νµ(q)Z
λ(q). (4.48)
Let us consider a physical reality W (q) in the direct product space of the basis eˆµ(q) and the
dual basis eˆµ(q), i.e.
W (q) = W µ1···µN ν1···νM (q)eˆµ1(q)⊗ · · · ⊗ eˆµN (q)⊗ eˆ
ν1(q)⊗ · · · ⊗ eˆνM (q). (4.49)
Then we define the covariant derivative in terms of the pull back differential as follows:
(
∇µW
µ1···µN
ν1···νM (q)
)
eˆµ1(q)⊗ · · · ⊗ eˆµN (q)⊗ eˆ
ν1(q)⊗ · · · ⊗ eˆνM (q) = ∂µW (q), (4.50)
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where by the direct calculation it is shown that
∇µW
µ1···µN
ν1···νM (q) = ∂µW
µ1···µN
ν1···νM (q)
+ (Γµ1ρµ(q)W
ρ···µN
ν1···νM (q) + · · ·+ Γ
µN
ρµ(q)W
µ1···ρ
ν1···νM (q))
− (Γρν1µ(q)W
µ1···µN
ρ···νM (q) + · · ·+ Γ
ρ
νMµ(q)W
µ1···µN
ν1···ρ(q)) . (4.51)
With this covariant derivative, the metric compatibility condition (4.43) is written by
∇µgνρ(q) = 0. (4.52)
The torsion Tµν
λ(q) is defined as
Tµν
λ(q)eˆλ = (∂µ∂ν − ∂ν∂µ)r(q). (4.53)
Therefore we obtain
Tµν
λ(q)eˆλ(q) = ∂µeˆν(q)− ∂ν eˆµ(q)
=
(
Γλνµ(q)− Γ
λ
µν(q)
)
eˆλ(q). (4.54)
If the integrability condition (∂µ∂ν − ∂ν∂µ)r(q) = 0 is imposed, then the affine connection
Γλνµ(q) is symmetric for exchange of the index µ and ν. Such torsionless geometry is called
Riemann geometry. However there is no theoretical reason why such imposition is demanded.
The field strength called as the curvature is defined by
Rαβµν(q)eˆα(q) = (∂µ∂ν − ∂ν∂µ)eˆβ(q). (4.55)
By the definition, we obtain
Rαβµν(q)eˆα(q) = ∂µ
(
∂ν eˆβ(q)
)
− (µ↔ ν)
=
(
∂µΓ
α
βν(q)− ∂νΓ
α
βµ(q) + Γ
σ
βν(q)Γ
α
σµ(q)− Γ
σ
βµ(q)Γ
α
σν(q)
)
eˆα. (4.56)
The curvature satisfy the so-called first and second Bianchi identity. The proof is given in
the appendix.
For another choice of the external coordinate q˘µ, the basis vector ˘ˆeµ(q˘), the affine con-
nection field Γ˘λνµ(q˘), the torsion T˘µν
λ(q˘) and the curvature R˘αβµν(q˘) are defined in the same
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way as the above. Supposed that q˘µ is a smooth function of the original coordinate qµ, i.e.
q˘µ = q˘µ(q). Then the basis vector ˘ˆeµ(q˘) is transformed as
˘ˆeµ(q˘) = Λµ
α(q)eˆα(q), (4.57)
where Λµ
α(q) =
∂qα
∂q˘µ
. Then by some calculations, it is shown that the affine connection field,
the torsion, and the curvature are also transformed as
Γ˘λνµ(q˘) = Λ
λ
γ(q)Λν
α(q)Λµ
β(q)Γγαβ(q) + Λ
λ
γ(q)Λµ
α(q)∂αΛν
γ(q),
T˘µν
λ(q˘) = Λµ
α(q)Λν
β(q)Λλγ(q)Tαβ
γ(q),
R˘αβµν(q˘) = Λ
α
λ(q)Λβ
γ(q)Λµ
δ(q)Λν
σ(q)Rλγδσ(q), (4.58)
where the matrix elment Λλγ(q) is the inverse matrix element of the matrix composed of
Λγ
λ(q). Note that the affine connection field does not transform as tensor, which reason is
that the basis is transformed as Eq. (4.57) under the gauge transformation of the space-time
parametrisation. In the case of the little gauge theory, the little connection field is trans-
formed as tensor, which will be shown below.
4.2 Cartan geometry as the little gauge theory
From now, Cartan geometry as the little gauge theory is examined. In the little gauge theory,
as the basis of the tangent vector space, we can take the new basis eˆa(q) (a = 0, 1, 2, 3) so
that the constant metric is
(eˆa(q), eˆb(q)) = ηab, (4.59)
where the small Latin index stands for Lorentzian index and ηab is Lorentzian metric. The
old basis and the new basis are related by the external vielbein eµ
a(q) as
eˆµ(q) = eµ
a(q)eˆa(q). (4.60)
The pull back differential of the basis vector eˆa(q) leads to the introduction of the new
little connection field Aµ
b
a
(q) as
∂µeˆa(q) = Aµ
b
a
(q)eˆa(q). (4.61)
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By the metric compatibility condition for the constant metric, the restriction for the form of
the little connection field Aµ
b
a
(q) is derived as follows:
∂µηab = Aµ
c
a
(q)ηcb +Aµ
c
b
(q)ηac = 0. (4.62)
As usual, it is adopted that the lowering and raising of the indices are performed by the metric
ηab and the inverse metric η
ab. Then the above equation is written by
Aµba(q) +Aµab(q) = 0. (4.63)
It turns out that the little connection field is antisymmetric with respect to the indices a and
b.
The dual basis is defined as eˆa(q) = ηabeˆb(q). The pullback differential of the dual basis
eˆ
a(q) is
∂µeˆ
a(q) = ηab∂µeˆb(q) = Aµc
a(q)eˆc(q) = −Aµ
a
c
(q)eˆc(q). (4.64)
For a physical reality W (q) in the direct product space, supposed that it is written by
W (q) = W a1···aN b1···bM (q)eˆa1(q)⊗ eaN (q)⊗ eˆ
b1(q)⊗ eˆbN (q). (4.65)
The covariant derivative ∇µ for the local Lorentzian space is defined by the pull back differ-
ential of W (q) as
(
∇µW
a1···aN
b1···bM (q)
)
eˆa1(q)⊗ eaN (q)⊗ eˆ
b1(q)⊗ eˆbN (q) = ∂µW (q), (4.66)
which calculation shows that
∇µW
a1···aN
b1···bM (q) = ∂µW
a1···aN
b1···bM (q)
+
(
Aµ
a1
ρ
(q)W ρ···aN b1···bM (q) + · · ·+Aµ
aN
ρ
(q)W a1···ρb1···bM (q)
)
−
(
Aµ
ρ
b1
(q)W a1···aN ρ···bM (q) + · · ·+Aµ
ρ
bM
(q)W a1···aN b1···ρ(q)
)
. (4.67)
The field strength Fabµν(q) is defined by
Fabµν(q)eˆa(q) =
(
∂µ∂ν − ∂ν∂µ
)
eˆb(q), (4.68)
which leads to the following equation:
Fabµν(q)eˆa(q) = ∂µ
(
Aν
c
b(q)eˆc(q)
)
− (µ↔ ν)
=
(
∂µAν
a
b(q)− ∂νAµ
a
b
(q) +Aµ
a
c
(q)Aν
c
b(q)−Aν
a
c(q)Aµ
c
b
(q)
)
eˆa(q).(4.69)
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As the little gauge transformation, we can take the local Lorentzian transformation eˆ′a(q) =
Ωa
b(q)eb(q). The definition of the local Loretzian transformation is the transformation pre-
serving the Lorentzian metric, i.e.
η′ab = (eˆ
′
a(q), eˆ
′
b(q)) = Ωa
c(q)Ωb
d(q)ηcd = ηab. (4.70)
Under the basis eˆ′a(q), the external vielbein e
′
µ
a(q), the little connection field A′µ
d
a
(q) and the
field strength F ′abµν(q) are defined in the same way as the above. Following the the local
Lorentzian transformation, they transform as
e′µ
a
(q) = Ωab(q)eµ
b(q),
A′µ
d
a
(q) = Ωa
b(q)Ωdc(q)Aµ
c
b
+ Ωdb(q)∂µΩa
b(q),
F ′abµν(q) = Ω
a
c(q)Ωb
d(q)F cdµν(q), (4.71)
where Ωab(q) is the inverse transformation Ωa
b(q).
For changing the external coordinate qµ to q˘µ, the basis vector transforms as ˘ˆeµ(q˘) =
Λµ
ν(q)eˆν(q). Here Λµ
ν(q) = ∂q
µ
∂q˘ν
. By the direct calculations, the external vielbein, the little
connection field and the field strength are also transformed as
e˘aµ(q˘) = Λµ
ν(q)eν
a(q),
A˘µ
b
a(q˘) = Λµ
ν(q)Aν
b
a(q),
F˘ baµν(q˘) = Λµ
σ(q)Λν
ρ(q)F baσρ(q), (4.72)
under the general coordinate gauge transformation. All of their fields transform as tensor
under the transformation.
The little gauge theory of Cartan geometry is related to the gauge theory of Cartan
geometry through the external vielbein eµ
a(q) as Eq. (4.60).
The mixed direct product space by the mixed basis eˆµ(q), eˆ
ν(q), eˆa(q) and eˆ
a(q) is also
considered. By the pull back differential of physical reality in the mixed direct product space,
the covariant derivative ∇µ is defined as the extension of Eqs. (4.51) and (4.67).
From now, the metric, the torsion, the affine connection and the curvature obtained in the
gauge theory are related to the little connection field in terms of eµ
a(q). From the pull back
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differential of Eq. (4.60) and the affine connection, we obtain
Γλνµ(q)eˆλ(q) = ∂µeˆν(q)
= ∂µ
(
eν
a(q)eˆa(q)
)
=
(
∂µeν
a(q) +Aµ
a
b
(q)eν
b(q)
)
eˆa(q). (4.73)
Therefore the affine connection field is related to the the little connection field as
Γλνµ(q)eλ
a(q) = ∂µeν
a(q) +Aµ
a
b
(q)eν
b(q), (4.74)
which is rewritten in terms of the covariant derivative as
∇µeν
a(q) = 0. (4.75)
Although the above equation is called ”the vielbein postulate”, it is naturally derived in our
formalism. Thus we call Eq.(4.75) the external vielbein condition. Similar calculations of the
above to the torsion and curvature show that
Tµν
λ(q)eλ
a(q)eˆa(q) =
(
∂µeν
a(q) +Aµ
a
b
(q)eν
b(q)− ∂νeµ
a(q)−Aν
a
b(q)eµ
b(q)
)
eˆa(q), (4.76)
and
Rαβµν(q)eα
a(q)eˆa(q) = eβ
b(q)
(
∂µAν
a
b(q)− ∂νAµ
a
b
(q)
+Aν
b
c(q)Aµ
a
c
(q)−Aµ
b
c
(q)Aν
a
c(q)
)
eˆa(q)
= eβ
b(q)Fabµν(q)eˆa(q), (4.77)
respectively. Note that the curvature is proportional to the field strength Fabµν(q) that does
not involve the external vielbein. Thus the curvature is made from the little connection field
and the external vielbein is not so related for the existence of the curvature.
By the definition (4.38) of the metric gµν(q), it is induced by the following equation
gµν(q) = (eˆµ(q), eˆν(q)) = (eµ
a(q)eˆa(q), eν
b(q)eˆa(q)) = eµ
a(q)eν
b(q)ηab. (4.78)
The pull back differential of the above equation leads to the following equation
∂µgνλ(q) = (∂µeˆν(q), eˆλ(q)) + (eˆν(q), ∂µeˆλ(q))
=
(
∂µeν
a(q) +Aµ
a
c
(q)eν
c(q)
)
eλ
b(q)ηab
+eν
a(q)
(
∂µeλ
b(q) +Aµ
b
c
(q)eλ
c(q)
)
ηab. (4.79)
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By using the covariant derivative, the above equation is written by
∇µgνλ(q) = ∂µgνλ(q)− Γ
σ
νµ(q)gσλ(q)− Γ
σ
λµ(q)gνσ(q) (4.80)
=
(
∇µeν
a(q)
)
eλ
b(q)ηab + eν
a(q)
(
∇µeλ
b(q)
)
ηab = 0. (4.81)
Therefore the metric compatibility condition and the external vielbein condition are compat-
ible with each other.
By the above construction, the external vielbein maps from the little gauge theory to the
gauge theory. The most important question is ”What is the external vielbein?”. It is not the
connection field. However, the external vielbein is very important, because it connects the
external coordinate and local Lorentzian frame and it also gives the definition of the distance.
In section 7, a way of solutions for the question is suggested. The full answer is beyond the
scope of this article.
5 U(1) gauge theory of the charged boson
The most well-known example of the gauge theory is the U(1) gauge theory. In this section,
the gauge theory and the little gauge theory of the charged boson are considered.
First, we consider the charged bosonic vector field Φ in the one dimensional complex
vector space. Supposed that the space-time point is parametrised by the general coordinate
qµ. Then the vector field Φ is assumed as the function Φ(q) of the space-time point. The inner
product (V, V ′) of the complex vector fields V and V ′ is defined over the complex number
field. For the one dimensional complex vector space over the space-time, in the gauge theory
one can generally choose the basis e(q) with the metric ζ(q) = (e(q), e(q)) = |ϕ(q)|2, where
ϕ(q) is a complex-valued function. The vector field Φ(q) is represented by
Φ(q) = Φ(q)e(q) (5.82)
under the basis vector e(q). By the pull back differential of the basis, the connection field is
defined as
∂µe(q) = Aµ(q)e(q). (5.83)
Then the metric compatibility condition is
∂µ|ϕ(q)|
2 =
(
A†µ(q) +Aµ(q)
)
|ϕ(q)|2. (5.84)
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The field strength Fµν(q) is defined by
Fµν(q)e(q) =
(
∂µ∂ν − ∂ν∂µ
)
e(q), (5.85)
which leads to
Fµν(q) = ∂µAν(q)− ∂νAµ(q). (5.86)
For the gauge transformation e′(q) = Ω(q)e(q), the metric, the the connection field and
the field strength are transformed as
ζ ′(q) = Ω†(q)Ω(q)ζ(q),
A′µ(q) = Aµ(q) + Ω
−1(q)∂µΩ(q),
F ′µν(q) = Fµν(q). (5.87)
Here note that Ω(q) is complex-valued function. The connection field cannot remain as
Hermite field by the degree of freedom of the gauge transformation in the gauge theory. The
physical meaning of the connection field is not explicit. Therefore the connection field in the
gauge theory is not tamed.
In the little gauge theoretical point of view, the model of the charged boson is considered
below. This is mathematically the same as the gauge theory for the unitary frame bundle
on Hermitian target manifold. One can find the basis vector e˜(q) with the constant metric
κ = (e˜(q), e˜(q)) = 1. The vector field Φ(q) is represented by
Φ(q) = Φ˜(q)e˜(q). (5.88)
The pull back differential of e˜(q) is described by the connection field
∂µe˜(q) = A˜µ(q)e˜(q). (5.89)
Since the metric κ is constant, the condition for the connection field is obtained as
A˜†µ(q) + A˜µ(q) = 0 (5.90)
from the metric compatibility condition. By introducing Hermite field Bµ(q) called as the
U(1) gauge boson field, the field A˜µ(q) can be described by
A˜µ(q) = igBµ(q), (5.91)
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where g is a coupling constant. Then the covariant derivative of the charged boson is written
by
DµΦ˜(q) = (∂µ + igBµ(q))Φ˜(q). (5.92)
By the (little) gauge transformation e˜′(q) = eiθ(q)e˜(q) preserving the constant metric κ, the
vector field Φ(q) is also represented by
Φ(q) = Φ˜′(q)e˜′(q), (5.93)
where Φ˜′(q) = e−iθ(q)Φ˜(q) and θ(q) is real valued function. By following the change of the
basis, the connection field A˜′µ(q) and the field strength F˜
′
µν(q) are defined in the same way
as the above. Also by the metric compatibility condition for the constant metric, the U(1)
gauge boson field B′µ(q) is introduced, which is related to A˜
′
µ(q) as A˜
′
µ(q) = igB
′
µ(q). The
transformation rule of the U(1) gauge boson field Bµ(q) and the field strength F˜µν(q) under
the (little) gauge transformation is as follows:
B′µ(q) = Bµ(q) +
1
g
∂µθ(q),
F˜ ′µν(q) = F˜µν(q) = ig
(
∂µBν − ∂νBµ
)
. (5.94)
Under the general coordinate transformation q˘ = q˘(q), the U(1) gauge boson field B˘µ(q˘)
and the field strength ˘˜Fµν(q˘) are also defined in the little gauge theory. It is also shown that
they transform as
B˘µ(q˘) = Λµ
ν(q)Bν(q), (5.95)
˘˜Fµν(q˘) = Λµ
ρ(q)Λν
σ(q)F˜ρσ(q), (5.96)
where Λµ
ν(q) = ∂q
nu
∂q˘µ
.
By mapping from this little gauge theory to the gauge theory as e(q) = ϕ(q)e˜(q), the
connection field Aµ(q) in the gauge theory is tamed as
Aµ(q) = igBµ(q) + ∂µϕ(q) (5.97)
in terms of Hermite field Bµ(q). And it turns out that the little gauge theory plays important
role to determine the form of the connection field in the gauge theory.
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6 Dirac fermion field theory
In this section, the Dirac fermion field theory is considered based on the little gauge theory.
This example is the case of the complex target manifold equipped with an indefinite inner
product.
Supposed that the Dirac fermion field Ψ on the 4 dimensional space-time as the physical
reality. For a choice of the space-time parametrisation qµ, Ψ is assumed as the function of
qµ. We choose the basis vector eI(q) of Ψ(q) so that the metric of the spinor inner product
satisfies the condition
(eI(q), eJ(q)) = (γ0)IJ , (6.98)
where γa(a = 0, 1, 2, 3) is Dirac gamma matrix, and the small index a and the capital index
I stand for the Lorezian index and the spinor component index, respectively. Note that the
metric γ0 is the constant metric. Then the spinor inner product for the two fermions Ψ1(q)
and Ψ2(q) is given by
(Ψ1(q),Ψ2(q)) = (γ0)IJ(Ψ1)
†I(q)ΨJ2 (q) = Ψ1(q)Ψ2(q). (6.99)
The pull back differential of eI(q) is described by the little connection field
∂µeI(q) = Aµ
J
I
(q)eJ(q). (6.100)
The little connection field has the 4 × 4 × 4 = 64 components. It is decomposed as the
following form in terms of the gamma matrix γa:
Aµ
J
I
(q) = Aµ(q)(1 )
J
I + Eµ
a(q)(γa)
J
I + Bµ
ab(q)(σab)
J
I
+A(5)µ(q)(γ5)
J
I + E˜µ
a(q)(γaγ5)
J
I , (6.101)
where 1 is the unit matrix, σab =
i
2
[γa, γb] and γ5 = −iγ0γ1γ2γ3. The metric compatibility
condition for the constant metric Eq.(6.98) leads to the following equation:
(A†µ(q) +Aµ(q))1 + (E
†
µ
a(q) + Eµ
a(q))γa + (B
† ab
µ (q) + Bµ
ab(q))σab
+(−A(5)
†
µ(q) +A
(5)
µ(q))γ5 + (E˜
†
µ
a(q) + E˜aµ(q))γaγ5 = 0. (6.102)
Therefore these connection fields Aµ(q), Eµ
a(q),Bµ
ab(q), E˜aµ(q) are anti-Hermite fields and
A(5)µ(q) is Hermite field. We redefine the little connection fields by introducing the Hermite
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fields Aµ(q), Eµ
a(q), ωµ
ab(q), E˜µ
a(q), A(5)µ(q) and the real coupling constants g1, g2, g3, g4, g5
as the followings:
Aµ(q) = ig1Aµ(q), Eµ
a(q) = ig2Eµ
a(q), Bµ
ab(q) = ig3ωµ
ab(q),
A(5)µ(q) = g4A
(5)
µ(q), E˜µ
a(q) = ig5E˜µ
a(q). (6.103)
The pull back differential of the fermion reality Ψ(q) is obtained as
∂µΨ(q) = ∂µ
(
ΨI(q)eI(q)
)
=
(
∂µΨ
I(q) +Aµ
I
J
ΨJ(q)
)
eI(q)
=
(
∂µΨ
I(q) +
(
ig1Aµ(q)(1 )
I
J + ig2Eµ
a(q)(γa)
I
J + ig3ωµ
ab(q)(σab)
I
J
+g4A
(5)
µ(q)(γ5)
I
J + ig5E˜µ
a(q)(γaγ5)
I
J
)
ΨJ(q)
)
eI(q). (6.104)
We can define the generalised covariant derivative matrix Dµ as
∂µΨ(q) =
(
Dµ
I
J
ΨJ(q)
)
eI(q), (6.105)
where
Dµ = (∂µ+ ig1Aµ(q))1 + ig2Eµ
a(q)γa+ ig3ωµ
ab(q)σab+g4A
(5)
µ(q)γ5+ ig5E˜µ(q)
aγaγ5. (6.106)
This generalised covariant derivative is the extension of Sogami’s one.
In the little gauge theory, the axial gauge boson with the form igA(5)(q)γ5 in the covariant
derivative is strongly excluded. If there exists in the covariant derivative, an anomaly of the
metric compatibility condition appears. All crews of the covariant derivative are interpreted as
the gauge bosons. The field Aµ(q) is the U(1) gauge boson and ωµ
ab(q) is the spin connection
gauge field. New crews Eµ
a(q) and E˜µ(q) are named as vielbein gauge boson and axial vielbein
gauge boson, respectively. Note that the vielbein gauge boson and the axial vielbein gauge
boson are different from the external vielbein. Higgs field is involved in the vielbein gauge
boson and the axial vielbein gauge boson. Also, the new crew A(5)µ(q) is named as the
pseudo-axial gauge boson.
The field strength FJIµν(q) is defined as
FJIµν(q)eJ(q) =
(
∂µ∂ν − ∂ν∂µ
)
eI(q). (6.107)
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The form of the field strength FJIµν(q) is obtained by the direct calculation. Here the explicit
form is beyond the scope of this article. The details will be given by the next article[6].
In the little gauge theory, the little gauge transformation ΩI
J(q) as e′I(q) = ΩI
J(q)eJ(q),
which preserve the metric (6.98), is given by
ΩI
J(q) =
(
exp(iθ1(q)1 + iθ
a
2(q)γa + iθ
ab
3 (q)σab + θ4(q)γ5 + iθ
a
5(q)γaγ5)
)
I
J
. (6.108)
The transformation is not the unitary transformation. Following the transformation, the new
connection field A′µ
J
I
(q) is defined, and the connection field can be expanded by
A′µ
J
I
(q) = A′µ(q)(1 )
J
I + E
′
µ
a
(q)(γ′a)
J
I + B
′
µ
ab
(q)(σ′ab)
J
I
+A′(5)µ(q)(γ
′
5)
J
I + E˜
′
µ
a(q)(γ′aγ
′
5)
J
I , (6.109)
where γ′a = Ω(q)γaΩ
−1(q), γ′5 = Ω(q)γ5Ω
−1(q) and σ′ab = Ω(q)σabΩ
−1(q). The metric compati-
bility condition leads to the introduction of gauge boson fields A′µ(q), E
′
µ
a(q), ω′µ
ab(q), E˜ ′µ
a(q),
A′(5)µ(q). From the direct calculation, it is shown that the gauge fields are transformed as
A′µ(q) = Aµ(q) +
1
g1
∂µθ1(q), E
′
µ
a
(q) = Eµ
a(q) +
1
g2
∂µθ
a
2(q),
ω′µ
ab
(q) = ωµ
ab(q) +
1
g3
∂µθ
ab
3 (q),
E˜ ′µ
a(q) = E˜µ
a(q) +
1
g4
∂µθ
a
4(q), A
′(5)
µ(q) = A
(5)
µ(q) +
1
g5
∂µθ5(q). (6.110)
In this little gauge theory, all gauge bosons were emergent as the shift of the spinor basis.
The general gauge theory is directly obtained by utilizing the degree of freedom of choices for
the basis. The further research of the Dirac fermion field theory by the little gauge theory
will be continued in details [6].
7 Discussion
In this article, we introduced the concept of the little gauge theory. The heart of the little
gauge theory is that it does give the restriction to the connection field by the metric compat-
ibility condition. As the result, Hermite gauge fields are appeared in the connection field and
covariant derivative. Also, the gauge theory is reproduced as the map from the little gauge
theory.
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As the first example of our construction, Cartan geometry was considered in section 4. The
metric compatibility condition and the external vielbein condition were naturally derived. It
turns out that some known results for Cartan geometry are reproduced. Although the multi-
index theory was suppressed in order to avoid complexities in this article, it is possible to
construct extended Cartan geometry with multi-index.
In section 5, by the well-known example of the charged boson, it is shown that the con-
nection field cannot be tamed in the situation only for the general gauge theory. By the little
gauge theory, it was shown that the little connection field is described in terms of the U(1)
gauge boson. By the map from the little gauge theory to the gauge theory, the connection
field in the gauge theory was explicitly written by the U(1) gauge boson. As the results, the
usefullness of the little gauge theory was illustrated.
In section 6, the Dirac fermion field theory was presented. By following that our question
is ”Who ordered the basis of the spinor index for the fermion?”, its theory was considered in
the framework of the little gauge theory. The gauge boson fields are emerged from the pull
back differential of the basis vector. In this framework, it is interpreted that Higgs bosons
are involved in the vielbein gauge boson and the axial vielbein gauge boson. The invariant
action of the Dirac fermion field theory is obtained by using the recipe [5] of the Sogami’s
generalised covariant derivative, the external vielbein and Lorentzian metric. In addition, by
following his recipe, the gauge coupling constants are associated with each other. And, in
the invariant action, there does exist the curvature field made by the spin connection field,
which is different from the little connection field of Cartan geometry. The details will be
appeared in [6]. Then the external vielbein is related to the dynamics of the fermion and the
gauge bosons through the action. The dark matter and dark energy may be explained in this
direction.
However, our little gauge theory of the Dirac fermion field theory is not achieved at the
phenomenological level. A theory involving all elementary particles should be presented.
In the direction, SO(10) grand unified theory and so on are considered. As one of other
directions, the little gauge theory can be applied to the unified description of quarks and
leptons in a multi-spinor field formalism [7]. New investigations based on the little gauge
theory will be opened towards to new physics beyond the standard model and the quantum
theory of gravity.
22
In this article, the connection fields and the gauge fields are introduced, as our recognition
of the space-time is four dimensional manifold. By the definition, the connection fields are
propagated only in the four dimension. The reason why our recognition of the space-time is
four dimensional manifold is veiled in this line. It will be clarified by the string theory or the
super string theory.
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8 Appendix
8.1 Proof of the first and second Bianchi identities
In this appendix, the first and second Bianchi identities are proved for the curvature on Cartan
geometry.
First, we derive the first Bianchi identity in our formalism. Starting from the definition
of the torsion (4.53), the pull back differential leads to
∂α
(
Tβγ
λ(q)eˆλ(q)
)
= ∂α
(
∂β eˆγ(q)− ∂γ eˆβ(q)
)
. (8.111)
By using the covariant derivative, the l.h.s. in the above equation (8.111) is written as
∂α
(
Tβγ
λ(q)eˆλ(q)
)
=
(
∂αTβγ
λ(q) + Γλρα(q)Tβγ
ρ(q)
)
eˆλ(q)
=
(
∇αTβγ
λ(q) + Γρβα(q)Tργ
λ(q) + Γργα(q)Tβρ
λ(q)
)
eˆλ(q) (8.112)
Taking the circular summation of Eq.(8.111) over the three indices α, β, γ, the l.h.s. is
∑
(αβγ)
∂α
(
Tβγ
λ(q)eˆλ(q)
)
=
∑
(αβγ)
(
∇αTβγ
λ(q) + Γρβα(q)Tργ
λ(q) + Γργα(q)Tβρ
λ(q)
)
eˆλ(q)
=
∑
(αβγ)
(
∇αTβγ
λ(q) + Tαβ
ρ(q)Tργ
λ(q)
)
eˆλ(q), (8.113)
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where
∑
(αβγ)
stands for the circular summation, and the r.h.s is
∑
(αβγ)
∂α
(
∂β eˆγ(q)− ∂γ eˆβ(q)
)
= ∂α∂β eˆγ(q)− ∂α∂γ eˆβ(q)
+∂β∂γ eˆα(q)− ∂β∂αeˆγ(q) + ∂γ∂αeˆβ(q)− ∂γ∂βeˆα(q)
=
∑
(αβγ)
Rλαβγ(q)eˆλ(q) (8.114)
Thus the first Bianchi identity is obtained as
∑
(αβγ)
(
∇αTβγ
λ(q) + Tαβ
ρ(q)Tργ
λ
)
=
∑
(αβγ)
Rλαβγ(q). (8.115)
In the next, we derive the second Bianchi identity by the similar calculation to the first
Bianchi identity. By taking the pull back differential for the definition of the curvature (4.55)
and the circular summation over the three indices α, β, γ, we obtain the equation
∑
(αβγ)
∂α
(
Rρσβγ(q)eˆρ(q)
)
=
∑
(αβγ)
∂α
(
∂β∂γ − ∂γ∂β
)
eˆσ(q). (8.116)
By using the covariant derivative, the l.h.s of the above Eq. (8.116) is
∑
(αβγ)
∂α
(
Rρσβγ(q)eˆρ(q)
)
=
∑
(αβγ)
(
∂αR
ρ
σβγ(q)
)
eˆρ(q) +R
ρ
σβγ(q)
(
∂αeˆρ(q)
)
=
∑
(αβγ)
(
∇αR
ρ
σβγ(q) + Γ
µ
σα(q)R
ρ
µβγ(q)
+Γµβα(q)R
ρ
σµγ(q) + Γ
µ
γα(q)R
ρ
σβµ(q)
)
eˆρ(q)
=
∑
(αβγ)
(
∇αR
ρ
σβγ(q)− Tβγ
µ(q)Rρσαµ(q) + Γ
µ
σα(q)R
ρ
µβγ(q)
)
eˆρ(q).(8.117)
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On the other hand, the r.h.s of Eq. (8.116) is
∑
(αβγ)
∂α
(
∂β∂γ − ∂γ∂β
)
eˆσ(q)
=
(
∂α∂β∂γ − ∂α∂γ∂β + ∂β∂γ∂α − ∂β∂α∂γ + ∂γ∂α∂β − ∂γ∂β∂α
)
eˆσ(q)
=
∑
(αβγ)
(
∂β∂γ − ∂γ∂β
)
∂αeˆσ(q)
=
∑
(αβγ)
(
∂β∂γ − ∂γ∂β
)
Γρσα(q)eˆσ(q)
=
∑
(αβγ)
Γρσα(q)
(
∂β∂γ − ∂γ∂β
)
eˆσ(q)
=
∑
(αβγ)
Γρσα(q)R
ρ
µβγ(q)eˆσ(q), (8.118)
where
(
∂β∂γ − ∂γ∂β
)
Γρσα(q)eˆσ(q) = Γ
ρ
σα(q)
(
∂β∂γ − ∂γ∂β
)
eˆσ(q) was used. As these results,
we obtain the second Bianchi identity
∑
(αβγ)
(
∇αR
ρ
σβγ(q)− Tβγ
µ(q)Rρσαµ(q)
)
= 0. (8.119)
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